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Abstract

In this paper, we consider the Kirchhoff-type equation for a class of
nonlinear operators containing p(-)-Laplacian and mean curvature oper-
ator with mixed boundary conditions. More precisely, we are concerned
with the problem under the Dirichlet condition on a part of the boundary
and the Steklov boundary condition on an another part of the boundary.
We show the existence of one, two and infinitely many nontrivial weak
solutions of the equation according to the conditions on given functions.
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1 Introduction

In this paper, we consider the following Kirchhoff-type equation

<1 ([ A Fuln)ay ) aivlate, Vu(e)] = foule)) i,
Q
u(z) =0 onTy, (1.1)
M ([ A a0 ) (o) -ate, Vu(e) = gl ) on T
Q
Here € is a bounded domain of RY (N > 2) with a Lipschitz-continuous
(CY1! for short) boundary I satisfying that

I'; and I'y are disjoint open subsets of T" such that I'y UT, =T and I'; # 0,
(1.2)
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2 Existence of weak solutions for the Kirchhoff-type equation with...

and the vector field n denotes the unit, outer, normal vector to I'. The
function a(z,€) = VeA(z,€) is a Carathéodory function on Q x RY satis-
fying some structure conditions depending on an anisotropic exponent func-
tion p(x). Then the operator div[a(z, Vu(x))] is more general than the p(-)-
Laplacian A, u(z) = div [[Vu(z)[P®~2Vu(z)] and the mean curvature op-
erator div [(1 + |Vu(z)[?)?®)=2/2¥y(z)]. These generalities bring about dif-
ficulties and requires some conditions.

We impose the mixed boundary conditions, that is, the Dirichlet condition
on I'1 and the Steklov condition on I's. The given data f : 2 x R — R and
g : 'y x R = R are Carathéodory functions satisfying some conditions.

The study of differential equations with p(-)-growth conditions is a very
interesting topic recently. Studying such problem stimulated its application
in mathematical physics, in particular, in elastic mechanics (Zhikov [40]), in
electrorheological fluids (Diening [16], Halsey [25], Mih&ilescu and Radulescu
[30], Ruzicka [33]).

Over the last two decades, when M (t) = 1, there are many articles on the
existence of weak solutions for the Dirichlet boundary condition, that is, in the
case 'y = () in (1.1), (for example, see Mashiyev et al. [29], Duc and Vu [17],
Wei and Chen [34], Yiicedag [38], Ndpoli and Mariani [31]).

The Kirchhoff-type equation has been considered by many authors. The
original Kirchhoff equation introduced by Kirchhoff [27] is as follows.
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where s denotes the time, p is the mass density, pg is the initial tension, A is
the area of the cross section, F is the Young modulus of the material and L
is the length of the string. Such type of system is an extension of the classical
D’Alambert wave equation, by considering the effects of the changes in the
length of the string during the vibration. For some interesting results, see
Arosio and Pannizi [10], Cavalcante et al. [11], Corréa and Figueiredo [13],
D’Ancona and Spagnolo [15], and He and Zou [26].

The stationary analogue of the Kirchhoff equation with the Dirichlet bound-
ary condition takes the form

@
ox

h 2L ),

- <a—|— b/ |Vu|2dx> Au = f(x,u) inQ,
Q

u=20 on I,

where a and b are positive constants.

Since we can only find a few of papers associate with the problem with the
mixed boundary condition in variable exponent Sobolev space as in (1.1). See
Aramaki [2, 5]. We are convinced of the reason for existence of this paper.
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Dai and Hao [14] considered the problem (1.1) when A(z,&) = ﬁ\ﬂp(”’)
and I's = (), and derived the existence of a nontrivial weak solution to (1.1).
This paper is an extension of the article [14] to the case of mixed boundary
value problem and of a class of operators containing the p(-)-Laplacian and the
mean curvature operator. In Aramaki [4] the author treated the case where
A(z, &) is uniformly convex, which is different from the condition of this paper.
In this paper, we give up this condition, however we assume that a(x,§) is
uniformly monotone in the more natural sense. For example, in the papers [29]
and [38], they considered p(-)-Laplacian in only the case p(x) > 2 in Q.

The purpose of the paper is that we treat not only p(-)-Laplacian, but also
the mean curvature operator in the case p(z) > 1 in Q. To overcome this,
we are saved by the grace of Proposition 3.7 later which is firstly derived by
the author Aramaki [8, Proposition 3.5]. Thanks to this proposition, we can
handle not only the case p(x) > 2 but also the case p(z) > 1. We derive that
there exist one, two and infinitely many nontrivial weak solutions. We use
the standard Mountain-Pass Theorem, Ekeland variational principle and the
Symmetric Mountain-Pass Theorem, respectively.

The paper is organized as follows. In Section 2, we recall some well-known
results on variable exponent Lebesgue-Sobolev spaces. In Section 3, we give the
assumptions to the main theorems (Theorem 4.3, 4.5 and 4.6). In Section 4,
we state the main theorems on the existence of at least one, two and infinitely
many nontrivial weak solutions according to the hypotheses on given functions
f and g. The proofs of these main theorems are given in Section 5.

2 Preliminaries

Throughout this paper, let 2 be a bounded domain in RY (N > 2) with a
C%l-boundary I' and Q is locally on the same side of I'. Moreover, we assume
that I satisfies (1.2).

In the present paper, we only consider vector spaces of real valued func-
tions over R. For any space B, we denote BY by the boldface character B.
Hereafter, we use this character to denote vectors and vector-valued functions,
and we denote the standard inner product of vectors a = (aq,...,ay) and
b=(by,...,bx) n RN by a-b=Y"" a;b; and |a| = (a - a)/2. Furthermore,
we denote the dual space of B by B* and the duality bracket by (-, ) g~ p.

We recall some well-known results on variable exponent Lebesgue and Sobolev
spaces. See Fan and Zhang [21], Kovacik and Rdcosnik [28] and references
therein for more detail. Furthermore, we consider some new properties on vari-
able exponent Lebesgue space. Define C(Q) = {p;p is a continuous function on
Q}, and for any p € C(Q), put

pt =pT(Q) =supp(z) and p~ = p~ (Q) = inf p(x).
zeN TEQ



4 Existence of weak solutions for the Kirchhoff-type equation with...

For any p € C(Q) with p~ > 1 and for any measurable function u on Q, a
modular p,.y = pp(.),q is defined by

oy () = [ futa)Pd.
Q
The variable exponent Lebesgue space is defined by
LPO(Q) = {u;u : Q — R is a measurable function satisfying Pp(y(u) < oo}

equipped with the (Luxemburg) norm
[l e (o) = inf {)\ > 05 pp( (%) < 1} .
Then LP()(Q) is a Banach space. We also define a Sobolev space
WhPO(Q) = {u € LV (Q);|Vu| € LPV(Q)},
where Vu is the gradient of u, that is, Vu = (dyu,...,0yu), 0; = 9/0x;,
endowed with the norm
Hu||W1=P(')(Q) = H“”LP(')(Q) + H|Vu|||LP<'>(Q)-

The following three propositions are well known (see Fan et al. [22], Fan
and Zhao [23], Zhao et al. [39]).

Proposition 2.1. Let p € C(Q) with p~ > 1, and let u,u, € LP)(Q) (n =
1,2,...). Then we have the following properties.
) [[ullpror @) < H=1,> 1) <= ppry(u) < 1(=1,>1).

.o - +
i) flullpscr @) > 1= ||u||’2p<.>(m < pp(y () < ||“||ip<-)(9)'

(

(

see + -

(iii) ||UHLP(')(Q) <l= Hu”ip(-)(g) < pp(.)(u) < ||u||zzp(->(9)'

(iv) limy o0 [un — ull Loc) (@) = 0 == limy 00 pp() (U — u) = 0.
(V) llunllLrer (@) = 00 as n — 00 <= pp(.)(un) — 00 as n — oo.

The following proposition is a generalized Holder inequality.
Proposition 2.2. Let p € C (), where
Ci(Q) ={p e C(Qs;p~ >1}.
For any u € LPO(Q) and v € LV’ )(Q), we have

1 1
[ @rtaide < (- + ) Bz oo < 2o ol

Here and from now on, for any p € C1 (), p/(-) denote the conjugate exponent
of p(+), that is, p'(x) = p(x)/(p(x) — 1).
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For p € C4(9), define for z € Q,

Np(z)
p*(z) = { Ny L p@) <N,

00 if p(z) > N.

Proposition 2.3. Let Q be a bounded domain of RN with C%'-boundary and
let p € C(Q). Then we have the following properties.

(i) The spaces LP)(Q) and WP (Q) are separable, reflexive and uniformly
convex Banach spaces.

(ii) If q(z) € C(Q) with ¢~
then the embedding W'P()(Q)
18 continuous.

(iii) If q(z) € C(Q) with ¢— > 1 satisfies that q(x) < p*(x) for all x € Q,
then the embedding WP()(Q) < LIC)(Q) is compact.

> 1 satisfies that q(x) < p*(z) for all x € Q,
— L90)(Q), where — means that the embedding

Next we consider the trace (cf. Fan [20]). Let Q be a bounded domain of
RV with a C%*boundary T' and p € C(Q) with p~ > 1. Since WHP()(Q) C
Wh(Q), the trace y(u) = u|. to I' of any function u in W'?0)(Q) is well
defined as a function in L*(T"). We define

(TeWHPOYT) = {f; f is the trace to I of a function F € WP0) (Q)}
equipped with the norm
£l ooy = E{|| o0 0y F € WHPO(Q) satisfying F| .= f}

for f € (TeW1PO)(T'), where the infimum can be achieved. Then we can see
that (TrWP())(T) is a Banach space. In the later we also write F}F: g by
F =g on I'. Moreover, for ¢ = 1,2, we denote

(TeW PO 1) = {f.,; f € (W PO)(ID)}
equipped with the norm
191l (rew 100y ryy = ELF | mewrooy @y £ € (TeWHPO)(T) satisfying f|ri: g},

where the infimum can also be achieved, so for any g € (TeWPO))(T;), there
exists F € WHP()(Q) such that F|Fi= g and || F|lys0) ) = N9l erewreoy ) -

Let g € C1(T") :={q € C(T");¢~ > 1} and denote the surface measure on I'
induced from the Lebesgue measure dz on 2 by do,. We define

LIO(T) = {u; u: I' — R is a measurable function with respect to do,

satisfying /|u(x)\q<g”)daz < oo}
r
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and the norm is defined by

|l o) (ry = inf {)\ > 0;/
r

and we also define a modular on LI)(T") by

u(z)

x
A

q(z)
do, <15,

pator(1) = / ()" .

Similarly as Proposition 2.1, we have the following proposition.

Proposition 2.4. Let ¢ € C(T) with ¢~ > 1, and let u,u, € LIC)(T"). Then
we have the following properties.
(1) llull paerry < L(=1,> 1) <= pyyr(u) < 1(=1,>1).
. - +
(ii) Hu||L<Z<‘>(1") >1= ”u”%q(')(r) < Py r(u) < H“”%q(»(r)'
1 @ < < |9
(iii) flull acrry <1 = ||U||Lq<->(r) < pg(yr(u) < ”uHLq(-)(r)'
(iv) [[unllLacr vy = 0 = pg(y r(un) — 0.
(V) llunllLac) () = 00 <= pg(),r(un) — oo.

The Holder inequality also holds for functions on I'.

Proposition 2.5. Let ¢ € C(T") with ¢~ > 1. Then the following inequality
holds.

/F [f(@)g(@)ldow < 2] fllpaer @) 9l ooy for all f € LIO(T),g € LYO(),

Proposition 2.6. Let Q be a bounded domain of RN with a C%*-boundary T
and let p € CL(Q). If f € (TtWLPO)T), then f € LPO)(T) and there exists a
constant C' > 0 such that

£l @y < Cllerew o0y

In particular, If f € (TtWLPO)D), then f € LPO(T;) and I fllzerryy <
C||f||(TrW1,p<»>)(p) fori=1,2.

For p € C(9), define for z € Q,

N—-1)p(x .
pé)(m) _ % lfp((E) < N,
00 if p(x) > N.

The following proposition follows from Yao [37, Proposition 2.6].
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Proposition 2.7. Let p € C(Q). Then if ¢ € C(T) satisfies q(z) < p°(x)
for all z € T, then the trace mapping WP (Q) — LICN(T) is well-defined and
continuous and

)l Laorry < Cllullwroe gy for w e WHPO(Q)

for some constant C > 0.
In particular, if q(x) < p?(x) for all x € Ty, then the trace mapping
WP (Q) — LIC(T) ds compact.

Now we consider the weighted variable exponent Lebesgue space. Let p €

C(Q) with p~ > 1 and let a(z) be a measurable function on Q with a(z) > 0
a.e. x € ). We define a modular

P(p(),a(-)) (1) = / a(z)|u(x) [P dz for any measurable function u in €.
Q
Then the weighted Lebesgue space is defined by
LP()

a(.)(Q) = {u;u is a measurable function on Q satisfying p(,(.)q(.))(v) < oo}

equipped with the norm

lull re) o) = inf{A > o;/ a()
a(-) Q

Then LZE;(Q) is a Banach space.
We have the following proposition (cf. Fan [19, Proposition 2.5]).

Proposition 2.8. Let p € C(Q) with p~ > 1. For u,u, € LZE'.)(Q), we have
the following.

(i) For u # 0, HUHLZ(('_;(Q) =X < pp(-),a(-)) (%) =1.

(i) \|u||L2§:;(Q) <1(=1,>1) = ppyac)(w) <1(=1,>1).

- +
p p

) ol 0y > 1= Bl ) < P10 < ol
. pr -

(09) Bl 0y < 1= 1l g < P00 < il -

(V) lim,, oo ||un — UHLP((:;(Q) =0<= lim,, p(p(.)’a(i))(un —u)=0.

(vi) ||u"||L”E:§(Q) — 00 a8 N — 00 <= P(p(-),a(-)) (Un) —+ 00 as n — .

The author of [19] also derived the following proposition (cf. [19, Theorem
2.1]).
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Proposition 2.9. Let Q be a bounded domain of RN with a C%'-boundary
and p € C(Q). Moreover, let a € LoO)(Q) satisfy a(z) > 0 a.e. x € Q and
a € Cy(Q). If g € C(Q) satisfies

alz) —1 _

1< — "
<q(z) < () p*(x) for all x € Q,
then the embedding W1PC)(Q) LZ(())(Q) is compact.

Similarly, let ¢ € C(T") with ¢~ > 1 and let b(z) be a measurable function
with respect to o on T' with b(z) > 0 o-a.e. z € I'. We define a modular

platra20) = [ o)) 7)o

Then the weighted Lebesgue space on I' is defined by

LZ(( ;( ) = {u;u is a o-measurable function on I satisfying p(q(.),s(.)),r(u) < oo}

q(x)
doy, <15,.

Proposition 2.10. Let g € C(I') with ¢ > 1. For u,u, € LZ((_g(I‘), we have

equipped with the norm

u\xr
. — inf . 7
el gy = in {A>O, / b()

Then Lqé ))(1") is a Banach space.

Then we have the following proposition.

the following.
(i) ||U\|Lg(<;;(p) <1(=1,>1) < py)pe)r) <1(=1,>1).

() gy > 1= Tl ) < Plarsen.n(0) < el -
(i)l gy gy < 2= Nl s oy < Pla 8000 (0) < Tl
(iv) limy, o0 |Jun — u||Lg(<:;(F) =0<= lim, 0o p(q(%b(.)),p(un —u)=0.
(v) HunHLZ((.‘;(F) — 00 a8 N — 00 <= P(g(-),b(-)),0 (Un) = 00 as n — oc.

The following proposition plays an important role in the present paper.

Proposition 2.11. Let 2 be a bounded domain of RY with a C%'-boundary
I and let p € C (). Assume that 0 < b€ LPO(T), g € C.(T). If r € C(I)

satisfies @
B(x)—1
L) < T

then the embedding W1P)(Q) — LZ((; (T) is compact.

p°(x) for allz €T,
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For the proof, see Aramaki [6, Proposition 2.11].
Define a space by

X ={vew O (Q);v=0o0nTI}. (2.1)

Then it is clear to see that X is a closed subspace of W'P()(Q), so X is
a reflexive and separable Banach space. We get the following Poincaré-type
inequality (cf. Ciarlet and Dinca [12]).

Proposition 2.12. Let 2 be a bounded domain of RN with a C%'-boundary
and let p € C1(2). Then there exists a constant C = C(Q, N,p) > 0 such that

[ullLror ) < ClVUll oo ) for allu € X.
In particular, |[Vul| e ) is equivalent to ||ully1.p00)(q) for u € X.

For the direct proof, see Aramaki [1, Lemma 2.5].
Thus we can define the norm on X so that

[ollx = [[Vllgeer (o) for v e X, (2.2)

which is equivalent to [|v]|yy 1.6 () from Proposition 2.12.

3 Assumptions to the main theorems

In this section, we state the assumptions to the main theorems. Let p € Cy(9)
be fixed.

(A.0) Let A : Q x RY — R be a function satisfying that for a.e. z € (,
the function A(x,-) : RNV 3 € s A(z,€) is of Cl-class, and for all £ € RV,
the function A(-, &) : Q >  — A(z, &) is measurable. Moreover, suppose that
A(z,0) = 0 and put a(z,€) = VeA(z,§). Then a(z,€) is a Carathéodory
function on  x RY.

Assume that there exist constants Cy, kg > 0 and nonnegative functions
ho € LP)(Q) and hy € L*(Q) with hy(z) > 1 for a.e. x € Q such that the
following conditions hold.

(A1) |a(z, &) < Co(ho(x) + hy(2)|€P@~1) for all € € RN and a.e. x € Q.

(A.2) a(z,0) =0 for a.e. z € Q and

koha ()€ —nfPt) if p(z) = 2,

(a(z,&)—a(x,n))-(§-n) > { kohy(z)(1 + €] + |n|)p(r)*2|§ — 17|2 if p(z) <2

for a.e. x € Q and all £, € RY.
(A3) A is p(-)-subhomogeneous in the sence of

a(z,€)-& < p(x)A(z, &) + hi(z) for all € € RY and ae. z € Q.
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Example 3.1. Let p € C ().
(i) A(x, &) = 19 [g[r®) and h € L}(Q) satisfying h(z) > 1 for a.e. x € Q.

(ii) A(z, &) = ngg ((1+]€)2)P®)/2 —1) and h € LP' () (Q) satisfying h(z) > 1

for a.e. z € Q.
Then A(z,§) and a(z,§) = Ve A(z, §) satisfy (A.0)-(A.3).

Remark 3.2. (i) When h(z) = 1, (i) corresponds to the p(-)-Laplacian and
(ii) corresponds to the prescribed mean curvature operator for nonparametric
surface.

(ii) In many papers (for example, [38], [29], Aramaki [3, 6]), the authors
assume that a(x,€) - € < p(x)A(x, £) instead of (A.3). However, in the above
Example 3.1 we see that if the example (ii) satisfies 1 < p(z) < 2 in a subset
of Q with positive measure, then we have to assume (A.3).

Lemma 3.3. Under (A.0) and (A.2), we have the following.
(i) We have

o koha () |€]P) if p(x) =2

Az, &) > { %k’ofh(l’)(l + |€|)P(z)—2|€|2 if p(x) < 2.

for a.e. € Q and all £ € RV,
(i) There exists a constant ¢ > 0 such that

1 1 £+n

§A(x,£) + §A(x7n) —A (x, 5 )
L { o —nn i pla) > 2,
~ L chi(@)(1+ €L+ )PP 2 =l if p(a) <2

for a.e. € Q and all §,m € RY.
In particular, A(z,€) is convex with respect to €.

Proof. (i) Tt follows from (A.0) and (A.2) that

1 1
Alz,€) = Az, €) — Az, 0) = /O %A(m,ts)dt: /O (o t8) - tedt

koha () [y P~ g[P()dt if p(z) > 2
koha () o (1 + tg))P@-2tg2dt  if p(z) < 2.

{ —Lkohy(2)|€P®) if p(x) > 2

~

p(x)
skoha () (1 + [€))P@=2€2if p(z) < 2.

For the proof of (ii), see Aramaki[7, Lemma 3.1]. O
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Lemma 3.4. Under (A.0)-(A.2), we have the following.
() |A(z, €)| < Colho(z)|€] + hi(x)|€]P®) for a.e. x € Q and all € € RV,
(ii) There exist constants ¢ > 0 and C > 0 such that

a(z, &) - &> chi(2)|€]P™ — Chy(z) for a.e. z € Q and all € € RV,

In particular, if p~ > 2, then we can take C' = 0.

For the proof, see [7, Lemma 3.4].
For the function h; € L*(Q) with hy(z) > 1 for a.e. = € , we define a
modular

Pp()h1 () (V) = Pp(),h ()0 (V) = /th(x)|Vv(x)|p($)dm for v €Y,
where Y is our basic space defined by
Y = {v e X;pp)n)(v) < oo} (3.1)

equipped with the norm

|lv]ly = inf {)\ > 05 Pp(-),h1 () (%) < 1} .

Then Y is a Banach space (see Proposition 3.6 below). We note that C§°(2) C
Y. Since

Pp().ha () (V) = Pp(‘)(h}/p“Vv),

we have

[olly = 111" Tl oo - (32)
Then we have the following lemma.

Lemma 3.5. (i) Y — X and ||v||x < ||v|ly for allveY.

(ii) Letv € Y. Then |jv]ly > 1(=1,<1) <= pp)n,()(v) > 1(=1,<1).

see - +

(iii) Let v € Y. Then |[v]ly > 1= 0|} < ppiyniy(v) < oIy -

. + -

(iv) Letv €Y. Then |lvlly <1 = |[v[l} < pp)niy (@) < v} .

v) Let up,u € Y. Thenlim, o [|un—ully = 0 <= lim, o0 pp(),hy () (Un —
u) = 0.
(vi) Let u, € Y. Then |luslly — o0 asn — 00 <= pp()n,()(Un) —
00 as n — 0.

Proposition 3.6. The space (Y,|| - |ly) is a separable and reflexive Banach
space.

For the proof, see [3, Lemma 2.12].
The following proposition fulfills an important role in this paper. Put ; =
{z € Qp(z) > 2}, Qo = {2 € Yp(z) <2}
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Proposition 3.7. Under (A.0)-(A.2), there exist positive constants ¢ and C
such that

(A&WmVﬂ@D—a@%Vv@D%(VU@%—VWWD¢EZmemm@Au—U)

oo~ 2/p* (92)
+{e(C+ llully + o) @727 @2, 4 ) 0, (=)}

_ _ 2/p” (22)
AC+ ully + [olly) P @D @ 20 o, (= v)}

foru,v € Y. Here and from now on, we denote a Vb = max{a,b} and a Nb=
min{a, b} for real numbers a and b.
In particular, if v =0 and ||u|ly <1, then we have

/Qa(a?, Vu(z)) - Vu(x)dr > c1(ppi),n(-),0: (W) + Pp(),hi ()00 (u)2/p7(92))

2pt /p~
> oo|ull 37

for some positive constants c; and ca.
We also get the following estimate.

/ a(z,Vu(r)) Vu(z)dr > c||uH§’/+ Al —Cllha |1 for allu €Y (3.3)
Q

for some constants ¢ > 0 and C > 0.
For the proof, see Aramaki [7, Proposition 3.7] (cf. [8, Proposition 3.5]).

Remark 3.8. (i) This proposition is firstly derived by the author [8], using a
version of the idea of Glowinski and Marroco [24] who treated the case p(x) =
p = const..

(ii) Using Lemma 3.3 (i), we also get an estimate that there exists a constant
¢ > 0 such that

/ Az, Vu(z))dx > c|\u||§,p+/p— for u € Y with |Jully < 1.
Q

Throughout this paper, we consider the most general case where |Q;| > 0
and Q2| > 0, where |A| denotes the volume of any measurable set A.

Next we state the assumptions of the function M = M (¢) in (1.1).

(M.O) M = M (t) is a continuous and monotone non-decreasing function on
[0, 00).

(M.1) There exist constants mg, m; > 0 and k > [ > 1 such that

mot! ™t < M(t) < mqy(1+tF71) for t > 0.
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(M.2) There exists p € (0,1) such that M) > (1 - w)M(t)t for t > 0,
where

N(t) = /0 M (s)ds. (3.4)

We note that M € C1((0,)) N C(]0,00)), M is convex, strictly monotone
increasing and

— 1
?tl < M(t) <m <t + ktk) for t > 0. (3.5)

We continue to state the assumptions of f and ¢ in (1.1).
(f.1) f = f(z,t) is a real Carathéodory function on Q x R and there exist
1 <ae L*O(Q) with a € C4(Q) and g € O (Q) with

a(z) -1

(@) p*(x) for all z € Q

q(z) <

such that |f(z,t)| < C1(1 + a(x)[t|9™®) 1) for all t € R and a.e. = € Q, where
C} is a positive constant and 2Ip™ /p~ < ¢~.
(£.2) There exist 6 > (p*/(1 — u)) V 2kp™ /p~ and to, > 0 such that

0 < 0F(z,t) < f(z,t)t for all t € R\ (—to,tp) and a.e. z € Q,

where

Pa,t) = /O F(z, 5)ds. (3.6)

(£.3) f(z,t) = o(|t|?"/?"~1) uniformly in z as t — 0.
(g-1) g = g(=,1) is a real Carathéodory function on I'y x R and there exist
1 <be LPO(Ty) with 8 € C4(T3) and r € C, (T') with

r(z) < ﬂ(;()x)lpa(:c) for all z € Ty

such that |g(z,t)| < Co(14b(x)[t|"® 1) for all t € R and o-a.e. € I'y, where
Cs is a positive constant and 2lp™ /p~ < r~.

(g.2) Let 6 and ty be as in (f.2). That is, there exist § > (p*/(1 — p)) vV
2kp™ /p~ and ty > 0 such that

0 < 0G(z,t) < g(z,t)t for all t € R\ (—tp,tp) and o-a.e. z € I'y,
where

G(x,t):/o g(z, s)ds. (3.7)

(.3) g(z,t) = o([t|2?" /P =1) uniformly in z as t — 0.
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Lemma 3.9. Under (f.1)-(f.3) and (g9.1)-(g.3), we have the following.
(i) For any A > 0, there exists a constant C| > 0 such that

r

SIoT (L2 /P 4 Cla()[t]7) for ae. x € Ot €R.
p

|F(z, )] < A
(ii) For any A > 0, there exists a constant C% > 0 such that
Gz, 1)| < A%MWW + (@)@ for o-a.e. € Tyt € R.
Proof. From (£.3), for any A > 0, there exists § € (0, 1) such that
1f(z, )] < A2/ =1 for ae. z € Ut € (—=6,6).
Hence we have

|F(z,t)] < AQIZ’?WWW for a.e. x € Ot € (=0, ).

On the other hand, from (f.1), we have

|F(x,t)] < Cy(|t| + C‘g;“'q(m)) < Cha(z)|t|?® for a.e. z € Q,[t] > 4.
q

Hence (i) follows. Similarly (ii) holds. O

Define a functional on Y by

I(u) =9Y(u) — J(u) — K(u), P(u)= Z/W\(@(u)) for u €Y, (3.8)

where
D(u) = /QA(:B,Vu(:E))dx, (3.9)
J(u) = /QF(x,u(x))dx, F(z,t) is defined by (3.6), (3.10)
K(u) = G(z,u(x))doy, G(x,t)is defined by (3.7). (3.11)
Iy

Proposition 3.10. Assume that (M.0)-(M.2), (A.0)-(A.3), (f.1) and (g.1)
hold. Then we have the following.

(i) The functionals J and K are sequentially weakly continuous in'Y, that
is, if up — u weakly in'Y as n — oo, then J(u,) — J(u) and K(u,) — K(u)
as n — oo.

(ii) The functional U is sequentially weakly lower semi-continuous in Y,
that is, if u, — u weakly in' Y as n — oo, then ¥(u) < liminf, oo ¥(uy,).
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Proof. By [3, Proposition 4.4], J and K are sequentially weakly continuous in
Y and @ is sequentially weakly lower semi-continuous in Y. We show that ¥
is sequentially weakly lower semi-continuous in Y. Let u,, — u weakly in Y as
n — co. Then

®(u) < liminf ®(u,) = lim inf P(u,).

n— o0 N—ocon>N

Since M is monotone non-decreasing, we have ]\/Z(infnZN D(uy)) < ]\/4\(<I>(un))

)
for any n > N. Thus we have M (inf,>n ®(u,)) < inf,>n M(®(u,)). Since
M is also continuous, we see that

U(u) = M(®(u)) < ]\7( lim inf @(un))

N—ocon>N

= lim M ( inf CID(un)> < lim inf M(@(un)) = lim inf ¥(uy,).

N—o00 n>N n— oo n—oo
This completes the proof. O

Proposition 3.11. Assume that (M.0)-(M.2), (A.0)-(A.3), (f.1) and (g.1)
hold. Then we have the following.

(i) The functionals ¥, J,K € C1(Y,R) and the Fréchet derivatives W', J’
and K' satisfy the following equalities.

(¥'(u),v) =

M(®(u)) (P (u),v) = M(P(u)) /Q a(z, Vu(z)) - Vo(z)dz,
A I

(J'(u),v) :/ z,u(z))v(z)dz,
(' w)0) = [ glaula))ola)do,

Iy

for all w,v € Y. Here and hereafter, we write the duality (-,-)y~y by simply

<'7'>
(
(
(

ii) The functional ® is coercive, that is, limj, |, 0o P(u) = 0.
iti) The functional ® is bounded on every bounded subset of Y.
iv) The operator ® : Y — Y™ is coercive, that is,

@/
@)
lully oo [Jully

(v) @ is bounded on every bounded subset of Y.

For the proof, see Aramaki [9, Proposition 3.8, 3.10 and 3.11].

Lemma 3.12. Under (f.1)-(f.3) and (g9.1)-(9.3), there exist constants ci, ca,
C3 and Cy such that for u € Y with ||ully < 1, the following inequalities hold.
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(i) We have

J(u) < el 2P 4+ )l

o

2lp +¢

where C' is the constant of (3.3).
(ii) We have

P 21 r
ngAl+mmp”+@mm.
Proof. From Lemma 3.9 (i),

T <A [ @) e +C [ ool da.
Here it suffices to note that since 2lp™/p~ < ¢~ < p*(x) for all z € Q, we have

. L
u(@)[?P /P de < Cllu| 3P
Q

with some constant C > 0, and
[ a@lu@[ds < 'l
Q

(ii) follows from the similar arguments as (i). O

Proposition 3.13. Assume that (M.0)-(M.2), (A.0)-(A.3), (f.1)-(f.3) and
(9.1)-(9.8) hold. Then for any A > 0, there exist constants c,c1,ca > 0 and
C1,C4% > 0 such that for u € Y with ||lul]ly <1 and any A > 0,

cmy pc p c2 21 - —
r 2 (F - B2 i~ il - Gl

In particular, there exists p € (0,1) such that
inf  I(u) > 0. (3.12)

llully=p

Proof. Let u € Y with |Jully < 1. Tt follows from (3.4), (3.5), (A.2) and
Proposition 3.7 with v = 0 and [Jully < 1 (cf. Remark 3.8 (ii)) that

) > mT (/A ,Vu(z dm) > C’?—O||u||§}f'+/p‘.

From Lemma 3.12,

pa 21
B AL AL Nl 7= Callul -Gl
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glpcj —)\p <2 > 0, then

If we choose A > 0 small enough so that ¢’ :=
we have

2ipt ——21 r~—2lpT /p~
Iu) > [[ul227 /77 (¢ = Cylfull& ~2# 7 — oy~

Since ¢~ > 2lp* /p~ and r~ > 2lp*t /p~, if ||uly = p > 0 is small, then we have
iantu:p I(u) > 0. O

Proposition 3.14. Assume that (M.0)-(M.2), (A.0)-(A.3), (f.1)-(f.3) and
(g.1)-(g.3) hold. Then there exists a constant Cs > 0 such that

() — {0 (u), ) > moc (1];“ -

1 _
9> lully, — C5 for allu €Y.

Proof. From (M.2), (A.3) and Lemma 3.4 (ii), for u € Y, we have

= N(@(u)) — 5 M () (@ (w), )
> (1= ) M(@()@(u) — 5 M(@(w)(@' () u
> M(®( ( — A , Vu(x))de — f/ a(x, Vu(x u(x)dm)

1
(!, <p<x>
— M

> M (@) ((1p+ - ;) (@ (w),u) — (1 — u)||h1/p||L1(m> :

> M (@ (u) §) ale. Vu(w) - Vula)ds - 1 —M)lhl/pu(sz))

Since @' is coercive from Proposition 3.11 (iv) and 6 > p*/(1 — u), there
exists a large enough M > 1 such that if ||u|ly > M, then ®(u) > 1 and
(L= p)/pt —1/0)(®"(u),u) — ||h1/p|lLr (o) = 0 since ® and &’ are coercive.
Hence using Lemma 3.4 (ii),

W) ) 2 mot() = (= 1) @00 /ol )

1—p 1 -
2 ol = )l Cll s o)~ s ol

1— 1
> moc ( g ) Il = mo(C + 1)k /oo,

When ||ully < M, since M, M, ® and ®' is bounded on every bounded subset of
Y from Proposition 3.11, ¥ and ¥’ are also bounded on every bounded subset
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of Y. Thus we have

1—
W) — — B (W (), )| <
Hence for ||u|ly < M, we have
1 1—u 1 -
U(u) — §<\I!’(u),u> > —C" > myc ( e 9> lull} —C".

Therefore, we have

1 1-— 1 -
(o) = G 2 moe (2= 1) g -

forueY.
On the other hand, it follows from (f.2) that

0 < OF(z,t) < f(x,t)t for a.e. x € Q,t € R\ (—to, o).

Put Q, = {z € O [u(z)| > to}. Then f(z,u(z))u(z) — F(z,u(x)) > 0 for a.e.
x € Q. For z € Q\ Q,, we have

1

o/ (@ u(@))u(z) — F(z, u(z))

; < Cy(to +a(z)td vl ).

Hence we have

5@ =5 = [ (Gre @ - P ) da

u

o N (34 ue)uto) ~ Flauta) o

v

Gy / (to + a(@)td" v 1 )da
Q\Q,

v

+ _
—02t0|Q| —Cgtg \/tg HaHLl(Q)
Similarly we have

1 _
5 (' (), u) = K(u) > ~Csto[Ta| = Cty Vg [[bllLsra)-

Thus we have

) = G w).) = 90) = G0 @)~ () = 5.0

- (K - g ) = (= LY maelully” - s

for some constant Cs. O
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Proposition 3.15. Assume that (M.0)-(M.2), (A.0)-(A.3), (f.1)-(f.3) and
(9-1)-(9.3) hold. Then the functional I satisfies the Palais-Smale condition,
that is, if a sequence {u,} CY satisfies that lim, o I(u,) =y € R exists and
limy, o0 [T (un)||y= = 0, then {u,} has a convergent subsequence.

Proof. Let {un,} C Y satisfy that lim, o0 [(un) = v € R exists and
limy, o0 ||’ (tn)|ly= = 0.

Step 1. The sequence {uy,} is bounded in Y. Indeed, if it is false, then pass-
ing to a subsequence, we can assume that lim,,_, o ||, ||y = co. By proposition
3.14, we have

l—p 1 -
run) 2 moe (£22 = 5 Luall = 517G

vl[unlly —Cs
for large n. Since 11)%“ —4>0,p” > 1 and limy,o0 [|[I'(un)||y+ = 0, we have
I(u,) — o0 as n — oo. This is a contradiction.

Step 2. Since Y is a reflexive Banach space from Proposition 3.6, there
exist a subsequence {u, } of {u,} and u € Y such that u,, — u weakly in V'
as n’ — 00. Since {u, —u} is bounded in Y and lim, o0 ||I' (tn/)|ly+ = 0, we
see that

(I'(up )y Uy — u)y — 0 as n' — oco.

By Propositions 2.9 and 2.11, u,» — u strongly in LZ(())(Q) and LZE:;(FQ) as
n' — co. From (f.1), using the Holder inequality,

/Q F(@ e () (e () — ()l
a(@)|un (2)|99 " up (z) — u(z)|dz
s/901<1+<>| ()99~ s () — u()|d

=G / (a(@) "1 (z) — u(w)]
Q
+ (@)Y @y (2) 1) a(2) Y 1D |y (2) — ulz)|)da
< 2C1 1| oo e lla™ 4 s = ull| Lo 0
+ 201 [a" 4 O (7O Larr o 1029 s = ull] e -
Since

par(y (@7 Oy [1071) = / a(@)|un (2)]2") dz
Q

is bounded, we see that Hal/q/(')|un/|‘1(')_1HLq/(.)(Q) is bounded. Since ||u, —

u”LqE'-))(Q) — 0 as n' — o0, we see that

m (J (up )yt —u) = lim [ f(x, up (7)) (up (z) — u(z))dz = 0.

n’— oo n’—oo Jo
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Similarly, we have

lim (K'(up),tup —u) = lim (@, U () (U (2) — w(z))do, = 0.

n’—oo n’— oo
1)

Thus we have

lim (U (U ), Upr — )
n’/—o0o0

= lim ((J'(un), tn — w) + (K (tns), upr — ) + (I' (g ), iy — u)) = 0.

n’— oo

Since [(U/ (tnr ), upr —u)| > 2 [(D (ups), tpy —u)|', we have limyy o0 (B (s ), gy —
u) = 0. Since u,, — u weakly in Y,

lim (®'(up) — @' (u), upr — u) = 0.

n’—o0

Since {uy } is bounded in Y, it follows from Proposition 3.7 that
/ by (2)| Vi () — Vu(z) PP dz — 0 as n’ — oo,
Q

SO U, — u strongly in Y. O

4 Main theorems

In this section, we state the main theorems (Theorem 4.3, 4.5 and 4.6).

Definition 4.1. We say that u € Y is a weak solution of (1.1) if u satisfies
that

M( 2A(y,vu(y))azy> /Qa(ac,Vu(x))-Vv(x)dx

¢

= / flz,u(x))v(x)dx +/ g(z,u(x))v(r)doy for allv € Y. (4.1)
Q T2

Remark 4.2. Since C§°(Q) C Y, if u € Y satisfies (4.1), then the equation

(1.1) holds in the distribution sense. Clearly we can see that u € Y is a weak

solution of (1.1) if and only if u is a critical point of the functional I defined
by (3.8), that is, I'(u) = 0.

Then we obtain the following three theorems.

Theorem 4.3. Let Q be a bounded domain of RN (N > 2) with a C%1-
boundary T satisfying (1.2). Under the hypotheses (M.0)-(M.2), (A.0)-(A.3),
(f-1)-(1.3) and (g9.1)-(g.3), the problem (1.1) has a nontrivial weak solution.
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Remark 4.4. This theorem extends the result of Dai and Hao [14] in which
the authors considered the case where A(z, &) = ﬁm [P(®) and Ty = 0.

We impose one more assumption.
(f4) Fix &' € (0,1) to be sufficiently small. The function f(z,t) satisfies
the following inequality.

ct™=t  for t € [¢,1],
CUES A A T

where ¢ >0 and 0 <m < 1.
For example, A function f(x,t) = xs (t)[t|™ 2t +a(x)|t|9®)~2t, where x5 €
Co(R) satisfying 0 < x5 <1,

_J 0 for|t] <d'/2
X5’<t)_{1 for &' < [t| < 1

and a function a = a(x) satisfies (f.1) verifies (f.1)-(f.4).

Theorem 4.5. In addition to the hypotheses of Theorem 4.3, assume that (f.4)
also holds. Then the problem (1.1) has at least two nontrivial weak solutions.

Finally, in addition to the hypotheses of Theorem 4.3, we assume the fol-
lowing hypotheses.

(A.4) A(x, &) is even with respect to &, that is, A(z, —€&) = A(z, &) for a.e.
r € Qand all £ € RV,

(£.5) f(x,t) is odd, that is, f(z,—t) = —f(x,t) for a.e. x € Q and all t € R.

(g.4) g(z,t) is odd, that is, g(x, —t) = —g(x,t) for o-a.e. = € 'y and all
teR.

Then we can derive that there exist infinitely many weak solution.

Theorem 4.6. In addition to the hypotheses of Theorem /.3, assume that
(A4), (f.5) and (g.4) also hold. Then the problem (1.1) has infinitely many
nontrivial weak solutions.

5 Proofs of Theorem 4.3, 4.5 and 4.6

In this section, we give proofs of Theorem 4.3, 4.5 and 4.6. Assume that
(M.0)—(M.2), (A.1)-(A.3), (f.1)-(f.3) and (g.1)-(g-3) hold. In order to derive
the theorems, we use the variational method.

Lemma 5.1. Assume that (f.1)-(f.2) and (g.1)-(¢9.2) hold. Then we obtain the
following.

(i) [F(z, )] < Cr(|t] + 28 [t40)) < C1(1 + a(x)[H9®)) for a.e. x € Q and
teR.




22 Existence of weak solutions for the Kirchhoff-type equation with...

(ii) |G(z,t)] < Co([t] + %MT(I)) < CY(1 +b(2)|t|"@) for o-a.e. x € Ty
and t € R.

(iii) There exists v € L) (Q) such that v(x) > 0 a.e. x € Q and F(z,t) >
v(2)t? for all t € [to,0) and a.e. x € Q, where ty is the constant in (f.2).

(iv) There exists 6 € LPCO)(Ty) such that §(z) > 0 o-a.e. z € Ty and
G(z,t) > 6(2)t? for allt € [tg,0) and o-a.e. x € T'y, where ty is the constant

Proof. (i) and (ii) easily follows from (f.1), (g.1) and the definitions (3.6), (3.7)
of F', G, respectively.
(iii) From (f.2), for ¢ > to,

0 < O0F(x,t) < f(x,t)t for a.e. x € Q. (5.1)

Put y(z) = F(z,t0)t;?. Then y(z) > 0 for a.e. x € Q and it follows from (i)
that

y(x) < CU1 + a(@)ti@)g? < CU(1 + al@)td vl g

for 7 > ty.

0 _ fla,7) ST
T~ F(z,7)  F(z,7)

Integrating this inequality over (tg,t), we have

F(z,t)
F(LE, to)

t
0 log ™ < log for all t > tg.
0

This implies that F(x,t) > y(z)t? for all t > to.
(iv) follows from the similar argument as (iii) using (g.2). O

5.1 Proof of Theorem 4.3

For a proof of Theorem 4.3, we apply the following standard Mountain-Pass
Theorem (cf. Willem [35]).

Proposition 5.2. Let (V,| - ||v) be a Banach space and I € C*(V,R) be a
functional satisfying the Palais-Smale condition. Assume that 1(0) = 0, and
there exist p > 0 and zo € V' such that ||zollv > p, I(20) < I(0) =0 and

o = inf{I(u);u € V with |ully = p} > 0.

PutG = {p € C([0,1],V); ¢(0) = 0,0(1) = 2z} and 8 = inf{max I(p([0,1]); p €
G}. Then 8> « and B is a critical value of 1.
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We apply Proposition 5.2 with (V|| |lv) = (Y, || -|ly). By Proposition 3.15,
the functional I satisfies the Palais-Smale condition. By (3.12), there exists
p € (0,1) such that

inf{I(u);u € Y with |Ju|ly = p} > 0. (5.2)

Since ¥(0) = J(0) = K(0) = 0, we have I(0) = 0.

We show that there exists ug € Y such that |uglly > p and I(ug) < 0.
Choose vy € C§°(02) such that vg > 0 and W = {z € Q;up(z) > to} has a
positive measure, where tg is as in (f.2). We see that F'(z,vo(x)) > 0 for a.e.
x € W from (f.2). Let ¢t > 1 and define Wy = {&x € Q;tvo(x) > to}, then
W C W;. By Lemma 5.1 (iii), there exists v € L*")(Q)(c L'(Q)) such that
y(x) >0 ae x € Qand F(x,t) > v(z)t? for t € [tg,00). Thereby,

F(z,tvg(z))dx > / v(2)tPvo(x)?dz > 9 L(vy),

Wt Wt

where L(vo) = [ 7(@)vo(z)?dz > 0. For t € [0,to], |F(z,t)] < CL(1 +
a(z)t1®) < Ci(1 + a(ar:)thr vVt ). By (£2), F(x,st) > F(x,t)s? for t €
R\ (—to, o) and s > 1. Indeed, if we define h(s) = F(z, st), then
, | 6 0
R'(s) = f(z,st)t = = f(x, st)st > —F(x, st) = —h(s).
s s

S

Thus h/(s)/h(s) > 6/s, so log(h(s)/h(1)) > @logs. This implies h(s) > h(1)s’.
By (A.3) implies that

ha(x) ha(x)
p() p(z)
Indeed, put k(s) = A(x, s€) + hi(z)/p(x) for s > 1. Then we have

Az, t€) +

< @) <A(:z:,£) + > for t > 1. (5.3)

K'(s) = %a(:c, s€) - s€ < p(:> <A(x,s§) + };1((;?) = p(x)k(s)

Thereby k'(s)/k(s) < p(z)/s for s > 1. Integrating this inequality over (1,t),
we get (5.3). Thus we see that

D(tu) = A A(z,tVu(x))dx

p(x) z, Vu(z fu(x) - () x
< o (s o 12) st
<t D(w) + (7 — 1)k /pll 1 o

<" (®(u) + Cp)
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for u € Y and t > 1, with some constant Cs. Hence we have
I(tve) = M(®(tvy)) — J (tvo)

<m (@(m)) + ;cp(wo)k’) - /W/F(atvo(ac))dx— / Fla, tvo(x))dz

Q\W;
pt Lot k
<my [t (®(vo) + C6) + 7t (®(vo) + Cs)
+ —_
—t"Livo) + CL(1Q] + 3 vVt llallr1@)-

Since § > kp™ > p* from (f.2) and L(vg) > 0, we can see that I(tvg) — —
as t — oo. Hence there exists 1 > 1 such that |[t1vo]ly > p and I(t1v9) <
Put ug = tl'Uo.

If we define () = tug, then ¢ € G, so G # (. Hence all the hypotheses
of Proposition 5.2 hold. Therefore, 8 = inf{max I(©([0,1]);¢ € G} satisfies
that 8 > a > 0 and § is a critical value of I, that is, there exists u; € Y such
that I(u1) = f and I’(u1) = 0. Thus uy is a weak solution of (1.1). Since
I(u;) = B > a > 0 = I(0), uy is a nontrivial weak solution of (1.1). This
completes the proof of Theorem 4.3.

00
0.

5.2 Proof of Theorem 4.5.
It follows from (f.4) that for 0 < ¢ <1,

Jy f(x,5)ds  if t >0, Z(m = (o)™ it >4,
F(””’t>2{o itt<s — 0 ift <o,

Fix t; € (0,1) so that small enough and choose ¢’ € (0,1) such that (6")™ < t;.
If (6')™ < t, then F(x,t) > S (t™ —t) since (6')™ > ¢'. Choose ¢ € C§°(Q) so

that 0 < ¢ <1 and ¢ Z 0. Put Q5 = {x € Q;(0")™ < t1p(x)}. Then we note
that [\ Qs/| — 0 as 6’ — 0. Thus we have

J(tlap):/QF(x,tlgp(x))dz

> /Q gl

c

> — [ ((tp(x)™ = tip(x))de
m Jos,

> itin (/ o(z)™dx —/ gp(x)mdx> - £t1 p(z)dx
m Q O\Qy/ m - Jag

> Cym (/ o(z)"ds — |Q\Qg/|> — h9l.
m Q m
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If we replace ¢’ with smaller one, if necessary, we may assume that fﬂ o(x)"dz—
|2\ Qs/] > 0.

On the other hand, since A(x,£) is convex with respect to € from Lemma
3.3 and A(x,0) = 0, we have A(z,t1&) = A(z,61€ + (1 — £1)0) < t1A(z, §).
Thus

D(t1p) = / Az, t1 V(x))de < t1P(p).
Q
Since M is convex and monotone non-decreasing, we have
M(®(t19)) < M(110(p)) = M(t1®9(p) + (1 — £1)2(0)) < 12 M(D(p)).

Therefore, we have

I(te) = M(®(tip) — J(tip) < tr (M(2(2)) + [

_%ﬁ” (/Q ()" dw — |\ 95’> :

Since 0 < m < 1, if ¢; > 0 is small enough, then we see that I(¢t1¢) < 0.
By Proposition 3.13, I is bounded from below on B,(0), where B,(0) = {v €
Y:|vlly < p}, pisasin (5.2). Hence

—oco<c¢c:= inf I(v)<O.
vEB,(0)

Let 0 < e < infyepp,0)l(v) — infvemf(v). Here we note that

inf,comp,(0) [(v) > 0 from (5.2). There exists u € B,(0) such that

inf I(v) <I(u)< inf I(v)+e%
veB,(0) veB,(0)

Since infvem I(v) < 0, we can choose u € B,(0) so that I(u) < 0. By

applying the Ekeland variational principle (Ekeland [18, Theorem 1.1]) to the
complete metric space B,(0), there exists u. € B,(0) such that

I(u) < I(u), - (5.4)

I
I(uc) < I(v) + €llv — uc||y for all v e B,(0),
€

Ju—ully <e.

Define a functional 7 : B,(0) = R by I(v) = I(v) +ellv — ucly for v e B,(0).
Since I(us) < I(u) < 0 from (5.4) and I(v) > O for all v € 9B,(0), we have
us € B,(0). Choose p’ > 0 small enough so that u. +w € B,(0) for w € B,(0).
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~ ~ _

From (5.5), since I(uc) < I(u: + w) for all w € B,(0), we have

(I'(ue), w) + elwlly
[[wlly
(I'(ue), tw) + et|wlly — (I(ue +tw) — I(u:)) = I(ue +tw) — I(u.)
tlwlly tlwlly

Here we note that from (5.5),

~ ~

I(ue 4+ tw) — I(ue) = I(ue + tw) + e|[tw||y — I[(us) >0
for t € (0,1). Hence

(I'(ue), w) +eflwlly o (I'(ue), tw) = (I(uc + tw) — I(uc))

> — 0 ast — +0.
[[wlly twlly

So (I'(ue),w) + ellw|ly > 0 for all w € B,(0), so (I'(uc),w) > —el|wly.
Replacing w with —w, we have |(I'(u.), w)| < e|lw|y for all w € B, (0). Thus
I (ue)|ly= < e. Letting ¢ — 0, we see that I(u.) — ¢ and I'(us) — 0 in Y™*.
Since I satisfies the Palais-Smale condition in Y and I € C1(Y,R), there exist a
subsequence {uy, } of {u.} and us € B,(0) such that u,, — ug in Y and I'(uz) =
0. Therefore, uy is a weak solution of (1.1). Since I(ug) = ¢ < 0 = I(0), us
is a nontrivial weak solution of (1.1). Since I(u2) =¢ < 0= I1(0) < I(u1), we
have u; # us. This completes the proof of Theorem 4.5.

5.3 Proof of Theorem 4.6

We apply the following Symmetric Mountain-Pass Theorem due to the Rabi-
nowitz [32, Theorem 9.12] (cf. Xie and Xiao [36, Proposition 2.1]).

Proposition 5.3. Let V be an infinite-dimensional real Banach space. A
functional I : V. — R is of C'-class and satisfies the Palais-Smale condition.
Furthermore, assume that

(I.1) I(0) = 0 and I is an even functional, that is, I(—u) = I(u) for all
ueV.

(1.2) There exist positive constants a and p such that

inf I(u)>a.
u€dB,(0)

(1.3) For each finite-dimensional linear subspace Vi C V, the set {u €
Vi; I(u) > 0} is bounded.
Then I has an unbounded sequence of critical values.
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We apply Proposition 5.3 with V' =Y. Note that the functional I defined
by (3.8) is of class C' (Proposition 3.11 (i)) and satisfies the Palais-Smale
condition (Proposition 3.15). From (A.4), (f.5) and (g.4), (I.1) is trivial. (I.2)
follows from (3.12). Thus it suffices to derive (I1.3).

Let uw € Y with |lul]ly > 1. Since it follows from (3.5) that

—~

() = M(@(0) < mr (9(0) + 120 )

®(u) < cllholl ooy yllully + Cillul} and k > 1, we have ¥(u) < Cslulli?"
for some constant C5 > 0. Since F(z,t) is even with respect to ¢, it follows
from Lemma 5.1 (iii) that F(x,t) > ~(z)|t|? for [t| > to. Define Q;, = {z €
Q; |u(z)| > to}. Then

J(u):/QF(x,u(x))dm: ; F(x,u(az))daﬂ—l—-/Q\Q F(z,u(x))dx.

From Lemma 5.1 (i),
+ -
/ o 1P @) < IO+ 4V el = O
to

Hence we have

J(u) > /Q (@) () dz — C
- / (@) ()| da: — / (@) u(z)|*dz — C
Q O\,
> / y(@)lu(z) dz — Cr,

where C7 is a constant. Similarly we have

K(u) > 6(x)|u(x)\9da$ — Cg,

Ty
where Cg is a constant.
We note that
1/0
( [A@lutafas+ [ 6(x>|u<x>"da) (5.7)
Q Ty

is a norm in Y.
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Let Y7 be any finite-dimensional linear subspace of Y. Since Y7 is of finite-
dimensional, the above norm is equivalent to the norm ||u|ly in Y1, so there
exists Cg > 0 such that

Collull?, < / v@u(@)dz+ [ 5(@)u(z) dos.
Q

s

Therefore, for u € Y7 with [Ju|ly > 1, we have
kp™ 0
I(u) < Csllully? — Collully + Cr + Cs.

If u € V1 with |jully > 1 satisfies () > 0, then we have Cy|jul|% < Cslul?" +
Cs + C7. Since 6 > kp*, the set {u € Y1; |lully > 1,I(u) > 0} is bounded, so
{u € Y1;I(u) > 0} is bounded.

Since all the assumptions of Proposition 5.3 hold, I has an unbounded
sequence of critical values, so problem (1.1) has infinitely many weak solutions.
This completes the proof of Theorem 4.6.
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